
5308 IEEE TRANSACTIONS ON SMART GRID, VOL. 10, NO. 5, SEPTEMBER 2019

Distributed CVR in Unbalanced Distribution
Systems With PV Penetration
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Abstract—In this paper, a distributed multi-objective
optimization model is proposed to coordinate the fast-dispatch
of photovoltaic (PV) inverters with the slow-dispatch of on-load
tap changer and capacitor banks for implementing conservation
voltage reduction in unbalanced three-phase distribution systems.
In existing studies, PV inverters and voltage regulation devices
are generally dispatched by fully centralized control frameworks.
However, centralized optimization methods are subject to single
point of failure and suffer large computational burden. To tackle
these challenges, a distributed dispatch method is developed
to coordinate PV inverters and conventional voltage regulation
devices in distribution systems. The proposed method is based on
a modified alternating direction method of multipliers algorithm
to handle non-convex optimization problems without relaxing
the original formulation, which could lead to sub-optimality.
Numerical results from simulations on modified IEEE 13-bus,
34-bus, and 123-bus unbalanced three-phase systems have been
used to verify the proposed method.

Index Terms—Conservation voltage reduction, distributed dis-
patch, multi-objective optimization, photovoltaic inverters, volt-
age regulation.

NOMENCLATURE

Sets and Indices

�N Set of buses
�i Set of buses connected to bus i
�T Set of dispatch period T
�φ Set of phases a, b, c.

Parameters

αi Unbalanced phase factor of bus i
θib , θic Phase angle differences at bus i relative to phase

angle θia
w1, w2 Weight factors in multi-objective optimization

problem
PPV

i,t,φ Injected active power of PV of bus i, at time t,
for phase φ

Manuscript received June 29, 2018; revised September 26, 2018; accepted
November 6, 2018. Date of publication November 8, 2018; date of current
version August 21, 2019. This work was supported by the Power Systems
Engineering Research Center under Project S-70. Paper no. TSG-00964-2018.
(Corresponding author: Qianzhi Zhang.)

The authors are with the Department of Electrical and Computer
Engineering, Iowa State University, Ames, IA 50011 USA (e-mail:
qianzhi@iastate.edu; wzy@iastate.edu).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TSG.2018.2880419

Ppred
i,t,φ Predicted active power of PV of bus i, at time

t, for phase φ

εi,t,φ Prediction error of PV active power output of
bus i, at time t, for phase φ

SPV
i,t,φ PV generation capacity of bus i, at time t, for

phase φ

qCB
i CB unit reactive power output of bus i

zi,φ Impedance of the line connecting bus i − 1 to
bus i for phase φ

ri,φ, xi,φ Resistance and reactance of the line connecting
bus i − 1 to bus i for phase φ

q∗
i,t,φ PV inverter reactive power generation or con-

sumption capacity of bus i, at time t, for phase φ

Vmax
i,t , Vmin

i,t Maximum and minimum limits for nodal volt-
age of bus i

Zp
i , Ip

i , Pp
i Active ZIP load factors of bus i

Zq
i , Iq

i , Pq
i Reactive ZIP load factors of bus i

CBmax Maximum limit for CB switching oper-
ation number during a certain dispatch
period T

TAPmax Maximum limit for OLTC tap changing number
during a certain dispatch period T .

Variables

Vi,t,φ Voltage magnitude of bus i, at time t, for
phase φ

Pl
i,t,φ, Ql

i,t,φ Active and reactive power flow of the line con-
necting bus i − 1 to bus i, at timeq t, for
phase φ

QPV
i,t,φ Injected reactive power of PV inverter of bus

i, at time t, for phase φ

QCB
i,t Reactive power output of CB of bus i, at time t

PZIP
i,t,φ, QZIP

i,t,φ Active and reactive ZIP load of bus i
ICB
i,t , yCB

i,t CB switching status variable and its auxiliary
continuous variable of bus i, at time t

Itap
t , ytap

t OLTC tap position variable and its auxiliary
continuous variable of bus i, at time t

V+
i,t,φ, V−

i,t,φ Auxiliary voltage magnitude variables for
Vi,t,φ and Vj,t,φ

U+
i,t,φ, U−

i,t,φ Auxiliary variables for square of voltage mag-
nitude variables Vi,t,φ and Vj,t,φ

P+
i,t,φ, P−

i,t,φ Auxiliary active power flow variables for Pl
i,t,φ

and Pl
j,t,φ

Q+
i,t,φ, Q−

i,t,φ Auxiliary reactive power flow variables for
Ql

i,t,φ and Ql
j,t,φ
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λP+
i,t,φ, λP−

i,t,φ Lagrange multipliers of auxiliary equality con-
straints for P+

i,t,φ and P−
i,t,φ

λ
Q+
i,t,φ, λ

Q−
i,t,φ Lagrange multipliers of auxiliary equality

constraints for Q+
i,t,φ and Q−

i,t,φ

λU+
i,t,φ, λU−

i,t,φ Lagrange multipliers of auxiliary
equality constraints for U+

i,t,φ and U−
i,t,φ

λ
yCB

i,t , λ
ytap

t Lagrange multipliers of auxiliary equality
constraints for yCB

i,t and ytap
t

λz1
i , λz2

i Lagrange multipliers of auxiliary equality
constraints gz1,i(.) and gz2,i(.).

I. INTRODUCTION

CONSERVATION voltage reduction (CVR) is a viable
technique used by utilities for peak shaving and long-

term energy savings. CVR is achieved by controlled voltage
level decrease of voltage-sensitive customers [1]. A conven-
tional approach for implementing CVR is by adjusting tap
positions of On-Load Tap Changer (OLTC) at the substa-
tion transformers, which ensures that the nodal voltages are
reduced in a manner that neither violates the acceptable volt-
age ranges nor affects the performance of devices [2]. A more
advanced way of implementation is to integrate CVR into
Volt/VAr optimization (VVO) models as an objective function,
which provide a framework for optimal control of voltage reg-
ulation and VAr control devices to achieve specific operational
goals without violating any of the operational constraints.

VVO has been used for optimal control of conventional
Volt/VAr regulation devices, such as capacitor banks (CBs)
and OLTC [3], [4]. However, these conventional Volt/VAr reg-
ulation devices have slow reaction speed and limited number
of switching operations, which cannot handle the fast changes
in system states caused by increasing penetration of renew-
able energy resources (RES) in modern distribution systems.
While the implementation of CVR requires a relatively flat
voltage profile along the feeders in distribution systems, higher
penetration levels of RES will cause fast and uncertain volt-
age fluctuations and deviations. On the other hand, PV smart
inverters have much higher response speed and more flexi-
ble reactive power generation and absorption capabilities to
handle fast voltage deviations caused by uncertain RES out-
put and load fluctuations. Therefore, to improve the efficiency
of voltage regulation and get a better performance for CVR
implementation, modern VVO models are not only designed
to include optimal control of conventional Volt/VAr regulation
devices, but also control of PV smart inverters to facilitate
voltage reduction [5]–[8].

In previous VVO studies, a multi-timescale voltage regu-
lation framework has been frequently applied as shown in
Fig. 1. This framework separates dispatching of conventional
Volt/VAr regulation devices and PV inverters, as they take
place on different timescales. Following this multi-timescale
voltage regulation framework, hourly dispatch of OLTC, CBs
and 15-min dispatch of PV inverters are coordinated in our
research.

In general, three different optimization methods are applied
in the multi-timescale VVO framework: 1) fully centralized

Fig. 1. Multi-timescale voltage regulation framework in VVO.

optimization methods, 2) hierarchical optimization methods,
and 3) fully distributed optimization methods. In [5]–[7], the
slow-dispatch of conventional voltage regulation devices and
the fast-dispatch of PV inverters are both solved by central-
ized optimization methods. Centralized optimization requires
the system-wide collection of data, and a costly communi-
cation infrastructure to enable information passing between a
control center and regulation devices [9], [10]. Moreover, these
methods are susceptible to single point of failure. Therefore,
fully centralized optimization models are disadvantageous due
to the increasing burden of computation in modern distribu-
tion systems with increasing size of decision models. A partial
solution to this problem is to adopt a hierarchical optimization
approach for VVO, as presented in [8], where the slow-
dispatch of conventional voltage regulation devices is solved
by a centralized optimization method, while a distributed
optimization technique is used to solve the fast-dispatch of PV
inverters. However, this VVO model divides the dispatching
model into two optimization problems, which cannot guarantee
the global optimality of the original optimization problem.

As discussed previously, fully centralized and hierarchical
methods are both impractical in large interconnected and com-
plex distribution systems. On the other hand, fully distributed
optimization methods represent an economically viable and
computationally simpler alternative to address the above-
mentioned challenges [11]. Distributed methods are applied
based on distributed optimization algorithms, which only
rely on local data collection and local information exchange
between neighboring control agents. Also, in contrast with
centralized methods that have a single point of failure, dis-
tributed optimization techniques are resilient against agent
communication failure and communication limits [12], [13].
Besides, in distributed approaches, the data privacy and owner-
ship of customers are maintained, including local consumption
measurement data and cost functions [14]. Thus, a large-scale
optimization problem can be divided into a number of small-
scale optimization problems, which are efficiently coordinated
and solved by local agents to obtain a final solution for the
original problem. In recent studies, distributed optimization
methods have been largely applied to different power engineer-
ing applications, including distributed DC optimal power flow
in power transmission systems [13], [15], as well as distributed
optimal AC power flow in distribution networks [16], [17].
Distributed optimization methods are also applied to voltage
regulation problems. For example, [18] introduces a VVO
model which only controls the optimal set-points of OLTC
devices, while [19] and [20] propose VVO models to optimally
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dispatch PV inverters. Even though distributed optimization
methods are applied in previous studies, the problem of
PV inverter coordination with conventional voltage regulation
devices using distributed optimization has remained largely
unstudied, which leads to poor voltage regulation performance
in the system.

To tackle this problem, in this paper a fully distributed
method is proposed to optimally coordinate the slow-dispatch
of conventional voltage regulation devices and the fast-
dispatch of PV inverters in a unified optimization framework.
The proposed distributed method in this research is developed
based on alternating direction method of multipliers (ADMM).
ADMM was originally applied to solve convex problems by
minimizing the decomposed augmented Lagrangian function
associated with each control area in an iterative way [21].
However, control actions in VVO problems, such as the oper-
ation statues of CVs and tap position of OLTCs, can only
be accurately modeled as discrete variables. Even though the
existence of a theoretical convergence guarantees for ADMM
in non-convex cases is still an open problem [22], some
modifications to ADMM can be made to find local mini-
mums for non-convex problem. A simple solution to address
problem non-convexity is to perform optimization relaxation
by replacing discrete variables with continuous variables in the
distributed algorithm [23]. However, this approach may not be
able to ensure a high quality solution. A more reasonable mod-
ification method is proposed in [24] and used in this paper,
where the discrete variables are not only replaced and relaxed
by continuous variables, but also integrated into the ADMM
objective function. This modified ADMM solver is able to
avoid changing the structure of the original non-convex deci-
sion model, which reduces the risk of solution sub-optimality.

When implementing CVR using VVO, the objective is
usually set to minimize the bus voltage magnitudes with-
out violating bus voltage limits to reduce power consump-
tion. However, due to lower bus voltages, the system power
losses will increase [25], which is in conflict with the gen-
eral objective of VVO, i.e., minimization of system power
losses. Therefore, VVO-based CVR implementation requires
a trade-off between voltage reduction and real power loss
reduction, which needs to be quantified. In this research,
a multi-objective optimization formulation is developed to
quantify this trade-off relationship. By changing the user-
defined weight factors in the multi-objective function, the
importance levels of bus voltage minimization for CVR and
network power loss minimization will be controlled. The
proposed method is tested on three test systems with dif-
ferent number of nodes (IEEE 13-bus, 34-bus, and 123-bus
systems). Numerical results show the superior performance
of the proposed distributed optimization model compared to
conventional centralized approaches in terms of computational
speed and solution quality.

The main contributions of this research can be summarized
as follows:

• An optimization model is developed to coordinate the
fast-dispatch of PV inverters with the slow-dispatch of
OLTC and CBs, in order to facilitate voltage reduction in
unbalanced three-phase distribution systems.

Fig. 2. Schematic diagram of a radial distribution system.

• In order to ensure the solution optimality and main-
tain customer data privacy and ownership, a distributed
solution methodology is proposed to dispatch all the
above-mentioned devices in a unified optimization frame-
work. The solution methodology is based on a modified
ADMM technique to handle the non-convex optimization
problem with discrete switching and tap changing
variables.

• The trade-off between voltage reduction and real power
loss reduction is quantified numerically using the devel-
oped multi-objective VVO formulation.

The organization of this paper is as follows: Section II intro-
duces the unbalanced three-phase distribution system model
and formulates the optimal coordination of PV inverters with
OLTC and CBs. Section III discusses the modified ADMM to
handle non-convex discrete variables, and shows the operation
of the modified ADMM. Simulation results and conclusions
are presented in Sections IV and V, respectively.

II. CENTRALIZED COORDINATION OF PVS WITH

CONVENTIONAL VOLTAGE REGULATION DEVICES

In this section, we develop a multi-objective optimization
model to coordinate the fast-dispatch of PV inverters with the
slow-dispatch of OLTC and CBs in unbalanced three-phase
distribution systems. The DistFlow equations and ZIP load
models are also introduced. The presented model in this sec-
tion will be then used in Section III to design a distributed
solution strategy for VVO-based CVR.

A. Distribution System Model

To obtain the power flow solution in a radial distri-
bution network, the DistFlow equations have been widely
used [26], [27]. A typical radial distribution system is shown
in Fig. 2, where the bus indexes are denoted as i =
{0, 1, 2, . . . , n}.

The DistFlow equations can be presented as
equations (1)-(5). In (1)-(3) the nonlinear terms are much
smaller than the linear terms and can be ignored. In practice,
this linear form of DistFlow has been verified in many
previous studies such as [20], [27].

Pl
i+1 = Pl

i − ri

(
Pl

i

)2 + (
Ql

i

)2

V2
i

− pi+1 (1)

Ql
i+1 = Ql

i − xi

(
Ql

i

)2 + (
Ql

i

)2

V2
i

− qi+1 (2)
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TABLE I
ZIP COEFFICIENTS FOR EACH CUSTOMER TYPE [28]

V2
i+1 = V2

i − 2
(
riPl

i + xiQl
i

)

Vs
+
(

r2
i + x2

i

)(Pl
i

)2 + (
Ql

i

)2

V2
i

(3)

In (4) and (5), Pg
i+1 is the active power generated by PVs

at bus i + 1. Qg
i+1 is the reactive power generated by VAR

compensation devices at bus i+1. In the proposed model, PV
inverters and CBs are considered as reactive power sources.
Pd

i+1 and Qd
i+1 are active power and reactive demand load at

bus i + 1, which will be modeled as ZIP active and reactive
loads (refer to Section II-C).

pi+1 = Pd
i+1 − Pg

i+1 (4)

qi+1 = Qd
i+1 − Qg

i+1. (5)

B. Extension to Unbalanced Systems

To better model distribution systems, we will extend the
power flow model to unbalanced three-phase systems using a
simplified model [19], which can approximate phase imbal-
ances. It is assumed that the voltage magnitudes of the three
phases at bus i are similar, so that | Via |≈| Vib |≈| Vic |. Then
with the voltage phase angles θia = 0, θib , and θic , the relative
phase unbalance αi is approximated as follows:

αi =
[
1, ejθib , ejθic

]T
(6)

Therefore, we can apply the relative phase unbalance αi of
bus i as follows: the equivalent unbalanced three-phase system
line impedance zi,φ can be calculated in (7) based on αi and
line impedance zi. The real and imaginary parts of zi,φ are
the unbalanced three-phase system line resistance ri,φ in (8)
and unbalanced three-phase system line reactance xi,φ in (9),
respectively. Therefore, the DistFlow equations (1)-(3) can be
extended to unbalanced three-phase by replacing ri,φ and xi,φ

in (8)-(9). The load applied in this paper is also unbalanced.

zi,φ = αiα
H
i � zi (7)

ri,φ = real
(
zi,φ
)

(8)

xi,φ = imag
(
zi,φ
)
. (9)

C. ZIP Load Model

In our VVO formulations, the loads are represented using
ZIP load models which include constant-impedance (Z),
constant-current (I), and constant-power components (P). Zp

i ,
Ip
i , Pp

i and Zq
i , Iq

i , Pq
i are constant-impedance coefficients,

constant-current coefficients and constant-power coefficients
for active and reactive loads, respectively. In [28] and [29]
typical ZIP coefficients for different types of customers, such
as residential customers, commercial customers and industrial
customers, have been provided. The ZIP coefficients in Table I
(adopted from [28]) are used in this paper.

D. Centralized Coordination Model

In this section, a centralized optimization model is presented
to coordinate the fast-dispatch of PV inverters and the slow-
dispatch of conventional voltage regulation devices (OLTC and
CBs) to facilitate voltage reduction in unbalanced distribu-
tion systems. This model will be decomposed into bus-level
sub optimization problems in Section III to design a dis-
tributed ADMM-based solver. The status of CBs and OLTC
are scheduled at the beginning of every hour to manage the
slow voltage variations, then the on-off status of CBs and
tap of OLTCs are fixed for the rest of this hour within the
optimization solver. In other words, no intra-hour decision
instant is defined for CBs and OLTC. Within each hour,
PV inverters are dispatched every 15 minutes to handle the
faster voltage deviations. Hence, intra-hour decision instants
are defined for PV inverters.

min
Vi,Pi,Qi

(

w1

N∑

i=1

(
V∗

i,φ

)
+ w2

N∑

i=1

(
lossi,φ

)
)

(10)

s.t.

V∗
i,φ ≥ max

t∈T

(
Vi,t,φ

)
(11)

lossi,φ =
T∑

t=1

⎛

⎜
⎝ri,φ

(
Pl

i,t,φ

)2 +
(

Ql
i,t,φ

)2

V2
s

⎞

⎟
⎠ (12)

Pl
i,t,φ = Pl

i−1,t,φ − PZIP
i,t,φ + Ppred

i,t,φ (13)

PPV
i,t,φ = Ppred

i,t,φ − εi,t,φ (14)

Ql
i,t,φ = Ql

i−1,t,φ − QZIP
i,t,φ + QPV

i,t,φ + QCB
i,t (15)

−q∗
i,t,φ ≤ QPV

i,t,φ ≤ q∗
i,t,φ (16)

q∗
i,t,φ =

√(
SPV

i,t,φ

)2 −
(

Ppred
i,t,φ

)2
(17)

QCB
i,t = ICB

i,t qCB
i (18)

PZIP
i,t,φ = PD

i,t,φ

(
Zp

i V2
i,t,φ + Ip

i Vi,t,φ + Pp
i

)
(19)

QZIP
i,t,φ = QD

i,t,φ

(
Zq

i V2
i,t,φ + Iq

i Vi,t,φ + Pq
i

)
(20)

Vi,t,φ = Vi−1,t,φ − ri−1,φPl
i−1,t,φ + xi−1,φQl

i−1,t,φ

Vs
(21)

V1,t = Vs + Itap
t Vtap (22)

Vmin
i,t ≤ Vi,t,φ ≤ Vmax

i,t (23)
∑

t∈T

| ICB
i,t − ICB

i,t−1| ≤ CBmax (24)

∑

t∈T

| Itap
t − Itap

t−1| ≤ TAPmax (25)

ICB
i,t ∈ {0, 1}

Itap
t ∈ {−10,−9, · · · , 0, · · · , 9, 10}
∀i ∈ �N,∀t ∈ �T ,∀φ ∈ �φ

In the above formulations, Vi,t,φ , Pl
i,t,φ , Ql

i,t,φ , as well as
other variables and parameters are modeled in three-phase,
e.g., Vi,t,φ = [Via,t, Vib,t, Vic,t]

T . The same applies to network
parameters, e.g., ri,φ, xi,φ ∈ �3×3.
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In order to investigate the trade-off between the voltage
(or load) reduction and real power loss reduction, we have
included two components in the objective function (10): one
component is aimed at minimization of the largest bus volt-
age and the other is defined to minimize the active line losses
during the dispatch period. It is assumed that the two compo-
nents are weighted by factors w1 and w2 (0 � w1, w2 � 1,
w1 + w2 = 1), respectively. The distribution system opera-
tors can adjust the weighting factors w1 and w2 according to
specific operational requirements.

Constraint (11) aims to find the largest voltage magnitude
at bus i at time t. Equation (12) determines the overall active
power losses on the line connecting bus i and bus i − 1 at t.
Equation (13) is the nodal active power balance formulation,
which includes the active power in-flow and out-flow at bus i,
active power output of PV inverter, as well as the ZIP active
load of bus i. Here, the reactive power outputs of PV invert-
ers (QPV

i,t,φ) will be dispatched considering the predicted active

solar PV generation (Ppred
i,t,φ). The uncertainty of PV power

is represented by Gaussian random variables for PV power
prediction error. Accordingly, each agent predicts the available
nodal PV power over the decision window. Due to the uncer-
tainty of PV power in real-time, the predicted value is different
from the actual PV power. The difference is modeled using a
Gaussian error variable as shown in equation (14), where Ppred

i,t,φ
and PPV

i,t,φ denote the predicted and actual active power output
of PV, εi,t,φ ∼ N(0, σ ) denotes the Gaussian prediction error.
The standard deviation of the error variable, ε, is chosen based
on [30]. Note that the optimization problem is solved using the
predicted PV power. Hence, the prediction error, which reflects
the impact of PV power uncertainty, leads to slight deviation
(less than 1%) from the true optimal solution. This deviation
depends mainly on the quality of the prediction captured by
the prediction error standard deviation. Equation (15) is the
nodal reactive power balance formulation, which determines
the reactive power output of PV inverter at bus i and reactive
power output of CB at bus i. Constraint (16) and equation (17)
limit the reactive power capacity of PV inverters based on PV
generation capacity and the active power output. Combining
constraints (15), (16) and (17), we can obtain (26) and (27).
Now we can obtain QPV

i,t,φ by using the optimal results and the
nodal reactive power balance equations.

Ql
i,t,φ − Ql

i−1,t,φ + QZIP
i,t,φ − QCB

i,t − q∗
i,t ≤ 0 (26)

−Ql
i,t,φ + Ql

i−1,t,φ − QZIP
i,t,φ + QCB

i,t − q∗
i,t ≤ 0 (27)

Equation (18) obtains the CB reactive power injection at
bus i. ICB

i,t represents the on/off status of the CB at bus i during
the dispatch period T . For buses without CB, qCB

i is set to zero.
Equations (19) and (20) represent the ZIP active and reactive
load by second-order polynomial formulations. Summation of
ZIP coefficients for both active and reactive are set to 1. PD

i,t,φ
and QD

i,t,φ are active and reactive power demand factors during
the dispatch period, respectively. Equation (21) determines the
bus voltage using DistFlow equations.

Equation (22) determines the substation transformer sec-
ondary voltage according to primary voltage Vs and OLTC tap
position Itap

t . Constraint (23) guarantees that the bus voltage is

maintained within the allowable range, and the voltage limits
are set to be [0.95, 1.05]. Constraints (24) and (25) denote
the maximum allowable switching actions of CBs and OLTC
during the dispatch period. For example, in the following case
studies, the CBmax is set to be 3 and TAPmax is set to be 5.
In order to reduce the non-linearity of the absolute values,
constraints (24)-(25) are transformed into linear forms.

III. DISTRIBUTED OPTIMIZATION METHOD

In this section, the centralized coordination model of
PVs with OLTC and CBs is decomposed into bus-level
sub-problems. A modified ADMM is introduced to handle the
non-convex problem with discrete variables of CBs and OLTC.

A. Modified ADMM

Discrete variables ICB
i,t and Itap

t are used in the central-
ized VVO formulations (10)-(25). However, the conventional
ADMM is originally developed to solve convex problems. A
simple solution to address this problem is to relax the discrete
variables to continuous ones. However, this approach can-
not ensure a high-quality solution in general. Instead, in [24]
a modified ADMM has been proposed, which includes the
auxiliary equality constraints with discrete variables as of
the optimization objective function, and finds the best match
for discrete variables in the ADMM iterative update process.
Numerical results have shown that this modified ADMM has
better performance in handling discrete variables compared to
simple relax-and-round methods [24].

Considering the optimization problem (28)-(30), first, dis-
crete variable I is replaced with an auxiliary continuous
variable y in constraint (29); then, an additional auxiliary
equality is introduced as constraint (30).

min
x,I

f (x, I) (28)

s.t.

I = y (29)

z = g(x, y) (30)

I ∈ Z, x, y ∈ R

After decomposition, the augmented Lagrangian for this
problem is shown in (31), where ρ > 0 is the penalty
coefficient.

Lρ = f (xi, yi) + λz
i (zi − g(xi, Ii)) + ρ

2
‖zi − g(xi, Ii)‖2

2 (31)

Therefore, the modified ADMM iterative update
rules (32)-(34) for optimization problem (28)-(30) can
be presented as follows (with the iteration number denoted
by k):

(xi(k + 1), yi(k + 1)) = argmin
x,y

Lρ

(
xi, yi, λ

z
i (k)

)
(32)

Ii(k + 1) = argmin
I

‖zi(k + 1) − g(xi(k + 1), Ii)‖2
2 (33)

λz
i (k + 1) = λz

i (k) + ρ(zi(k + 1) − g(xi(k + 1), Ii(k + 1))).

(34)
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B. Distributed Solution Algorithm

The centralized optimization problem (10)-(25) can be
decomposed to a set of bus-level small-size optimization
problems. Bus-level control agents are in charge of manag-
ing the local controllable resources and local voltage at each
bus. This takes place through sharing estimated local solutions
with neighboring agents using the proposed modified ADMM
solution strategy. Each bus agent solves a local optimization
problem, which has its own local variables Pl

i,t,φ , Ql
i,t,φ , Vi,t,φ ,

as well as the copy variables Pl
j,t,φ , Ql

j,t,φ , Vj,t,φ exchanged
between neighboring buses j to bus i. The buses installed with
CBs or OLTC have discrete variables ICB

i,t and Itap
t .

Therefore, with auxiliary variables and equality constraints,
the original optimization problem can be decomposed into bus-
level optimization problems. The constraints (11)-(25) can be
reformulated as (11)∗-(25)∗ by replacing the variables by their
corresponding auxiliary variables.

min
Ui,Pi,Qi

f (Xi, Ii) (35)

s.t.

Pl
i,t,φ = P+

i,t,φ, Pl
j,t,φ = P−

i,t,φ (36)

Ql
i,t,φ = Q+

i,t,φ, Ql
j,t,φ = Q−

i,t,φ (37)

V2
i,t,φ = Ui,t,φ = U+

i,t,φ, V2
j,t,φ = Uj,t,φ = U−

i,t,φ (38)

ICB
i,t = yCB

i,t , Itap
t = ytap

t (39)

z1,i = g1

(
Xi, yCB

i,t

)
(40)

z2,i = g2

(
Xi, ytap

t

)
(41)

(11)∗ − (25)∗

∀i ∈ �N,∀j ∈ �i,∀t ∈ �T ,∀φ ∈ �φ

For convenience, four variable sets are defined at
each bus to exchange information with agents at
neighboring buses. Let the variable set Xi include
P+

i,t,φ, P−
i,t,φ, Q+

i,t,φ, Q−
i,t,φ, U+

i,t,φ, U−
i,t,φ , the variable set Ii

include ICB
i,t , Itap

i , the variable set Yi include yCB
i,t , ytap

t and

the variable set λi include λP+
i,t,φ , λP−

i,t,φ , λ
Q+
i,t,φ , λ

Q−
i,t,φ , λU+

i,t,φ ,

λU−
i,t,φ, λ

yCB

i,t , λ
ytap

t , λz1
i , λz2

i .
To apply the modified ADMM to the proposed central-

ized coordination model (35)-(41) and (11)∗ − (25)∗, the
distributed iterative process has been presented as (42)-(57)
in four steps. Fig. 3 shows the process of local optimization
solution exchanges between neighboring buse agents in the
distributed algorithm. The convergence criteria is set by a
maximum iteration limit.

Step 1: For each bus agent i at iteration k, local optimization
problems, shown in (42), are solved independently and in
parallel. Solutions to bus local variables Xi and Yi are obtained.

(Xi(k + 1), Yi(k + 1)) = argmin
X,Y

Lρ(Xi, Yi, λi(k)). (42)

Step 2: For each bus agent i at iteration k, local optimization
solution exchanges take place between neighboring agents to
update variables based on respective bus local variables and
variables at buses connected to bus i, which are obtained from
step 1.

Fig. 3. Local optimization solution exchange between control agents at
different buses.

Hence, variable set Xi is updated by averaging the respective
local bus variables and using (43)-(45), where ni denotes the
number of buses connected to bus i plus 1:

Pl
i,t,φ(k + 1) = 1

2

(
P+

i,t,φ(k + 1) + P−
i,t,φ(k + 1)

)
(43)

Ql
i,t,φ(k + 1) = 1

2

(
Q+

i,t,φ(k + 1) + Q−
i,t,φ(k + 1)

)
(44)

Ui,t,φ(k + 1) = 1

ni

(
U+

i,t,φ(k + 1) + · · · + U−
i,t,φ(k + 1)

)
(45)

Variables ICB
i,t and Itap

t are updated by solving local bus
optimization problems using Xi(k +1) and Yi(k +1) as shown
in (46) and (47):

ICB
i,t (k + 1) = argmin

Ii,t

∥∥∥z1,i(k + 1) − g1

(
Xi(k + 1), ICB

i,t

)∥∥∥
2

2

(46)

Itap
t (k + 1) = argmin

It

∥∥
∥z1,i(k + 1) − g2

(
Xi(k + 1), Itap

t

)∥∥
∥

2

2
.

(47)

Step 3: For each bus i at iteration k, the Lagrange multipliers
are updated based on the ADMM iterative rules and the
variables obtained in previous steps. Hence, the Lagrange
multipliers for variable set Xi are updated using (48)-(53):

λP+
i,t,φ(k + 1) = λP+

i,t,φ(k) + ρ
(

P+
i,t,φ(k + 1) − Pl

i,t,φ(k + 1)
)

(48)

λP−
i,t,φ(k + 1) = λP−

i,t,φ(k) + ρ
(

P−
i,t,φ(k + 1) − Pl

j,t,φ(k + 1)
)

(49)

λ
Q+
i,t,φ(k + 1) = λ

Q+
i,t,φ(k) + ρ

(
Q+

i,t,φ(k + 1) − Ql
i,t,φ(k + 1)

)

(50)

λ
Q−
i,t,φ(k + 1) = λ

Q−
i,t,φ(k) + ρ

(
Q−

i,t,φ(k + 1) − Ql
j,t,φ(k + 1)

)

(51)
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λU+
i,t,φ(k + 1) = λU+

i,t,φ(k) + ρ
(

U+
i,t,φ(k + 1) − Ui,t,φ(k + 1)

)

(52)

λU−
i,t,φ(k + 1) = λU−

i,t,φ(k) + ρ
(

U−
i,t,φ(k + 1) − Uj,t,φ(k + 1)

)

(53)

Lagrange multipliers for auxiliary equality constraints cor-
responding to Yi and Ii are updated using (54) and (55):

λ
yCB

i,t (k + 1) = λ
yCB

i,t (k) + ρ
(

yCB
i,t (k + 1) − ICB

i,t (k + 1)
)

(54)

λ
ytap

t (k + 1) = λ
ytap

t (k) + ρ
(

ytap
t (k + 1) − Itap

t (k + 1)
)

(55)

Lagrange multipliers for auxiliary equality constraints g1(.)

and g2(.) are updated using (56) and (57):

λz1
i (k + 1) = λz1

i (k) + ρ
(

z1,i(k + 1) − g1

(
Xi(k + 1), ICB

i,t (k + 1)
))

(56)

λz2
i (k + 1) = λz2

i (k) + ρ
(

z2,i(k + 1) − g2

(
Xi(k + 1), Itap

t (k + 1)
))

.

(57)

Step 4: Increase k by 1 till it reaches the maximum iteration
number.

IV. CASE STUDY

In this section, the convergence analysis and simulation
results of our proposed method are presented. First, we
present the convergence analysis to show the impact of dif-
ferent penalty parameter ρ on convergence speed. We then
demonstrate the effectiveness of our proposed method through
numerical evaluations on three IEEE standard benchmarks
to study load/loss reduction through CVR implementation.
Comparison between centralized optimization and proposed
distributed optimization is also provided. All the case studies
are simulated using a PC with Intel Core i7-4790 3.6 GHz
CPU and 16 GB RAM hardware. The simulations are per-
formed in MATLAB and GAMS to solve and update local
variables in the iterative distributed optimization process. The
main benefit of CVR for utilities is peak loading relief of
distribution networks [31]–[33]. In this paper, the CVR is
used for peak load reduction by modifying the voltages of
the system buses through finding optimal switching and con-
trol actions for CBs and OLTCs, as well as reactive power
injection/absorption set points for PV inverters. Given the
voltage-sensitivity of active power (see the ZIP coefficients)
these control actions, if chosen correctly, lead to a drop in
consumption at critical times, such as the peak interval. In all
the simulations, the CVR functionality was tested over 3 hours
of peak load period with 15-minute time steps.

A. Case I: Convergence Analysis (IEEE 13-Bus System)

In order to perform convergence studies, the proposed
method is implemented on IEEE 13-bus system and the results
are recorded at each iteration. Fig. 4 shows the convergence
results for different values of ρ. Within certain range of ρ,
the proposed algorithm can converge faster with larger ρ val-
ues. However, increasing ρ to a too large value will cause
numerical instability and divergence.

Fig. 4. Convergence of the distributed optimization: Impact of different
penalty parameter ρ values.

Fig. 5. Convergence of the distributed optimization: Iterative updates of bus
voltage magnitudes ρ=5.

Fig. 6. Convergence of the distributed optimization: Iterative updates of PV
inverter reactive power outputs ρ=5.

The iterative updates of bus voltages with ρ = 5 are shown
in Fig. 5. All the optimal voltage magnitudes have converged
to values within [0.95 p.u., 1.05 p.u.] interval, which satisfies
the bus voltage limit constraints. Fig. 6 presents the iterative
updates of three-phase reactive power outputs of PV inverters
with ρ = 5. It can be seen that most of variables converge
after 3000 iterations, while only a few take more than 4000
iterations to converge.

B. Case II: IEEE 34-Bus Distribution System

The results of simulation studies on modified IEEE 34-bus
distribution system (Fig. 7) are presented in this section.
Details about this test network can be found in [34]. It is
assumed that the substation OLTC is within ±10% tap range.



ZHANG et al.: DISTRIBUTED CVR IN UNBALANCED DISTRIBUTION SYSTEMS WITH PV PENETRATION 5315

Fig. 7. Case II: Modified IEEE 34-bus test distribution system.

TABLE II
CASE II: BUS TYPE

Fig. 8. Case II: Optimal results with full implementation of CVR (a)-(c) PV
inverter three-phase reactive power outputs.

Two three-phase CBs are installed at buses 27 and 29, and
the CB capacities are the same as the original system. The
PV generations are aggregated at buses 24, 30 and 32. It is
assumed that the PV at each bus can provide 60% of load at
the bus to ensure that the PV capacities and outputs are dif-
ferent from each other. For comparison, a base case without
any VVO is defined, where unity-power factor control mode
is used for PVs, the tap position of OLTC is fixed, and CB
status is on.

The bus types are listed in Table II and the corresponding
ZIP load coefficients for different load types are presented
in Table I [28]. The proposed modified ADMM method is
applied to the test system with full implementation of CVR,
which implies the weight factors w1 = 1, w2 = 0. Fig. 8

TABLE III
CASE II: OPTIMAL RESULTS OF CB SWITCHING

STATES AND OLTC TAP POSITIONS

TABLE IV
CASE II: COMPARISON RESULTS BETWEEN CENTRALIZED

OPT. AND MODIFIED ADMM

shows the results of three phase PV inverter reactive power
outputs, which change each 15 minutes based on the latest
system information. Table III demonstrates that in order to
overcome the voltage drop problems caused by CVR effects,
the CB on bus 27 is only needed on the second hour of peak
load interval, the CB on bus 29 is always on, and the substation
OLTC tap position varies between tap −3 and −4. Note the
difference between the decision timescales of PV inverters on
the one hand, and CBs/OLTC on the other hand.

A numerical comparison is presented in Table IV between
a centralized solver versus the proposed modified distributed
ADMM for optimization (10)-(25) tested on the modified
34-bus test system. It can be seen that the percentage of load
reduction from the centralized optimization and the proposed
modified ADMM are very similar to each other, with ADMM
yielding slightly better results. More importantly, the aver-
age computational time per agent per iteration of our method
is 0.235 seconds and the average convergence iteration is
around 1000. Therefore, in terms of computational efficiency,
the distributed ADMM takes approximately one third of the
computational time of centralized solver to reach comparable
and slightly better results. This demonstrates the advantage
of the proposed distributed optimization technique for real-
time applications. Other computational benefits of ADMM are
discussed in detail in [35] and [36].

In the next step, the proposed solution method is applied
to the test system model with varying weight factors for the
components of the objective function (load reduction versus
loss reduction). As discussed before, CVR implementation
defines a trade-off between voltage reduction and real power
loss reduction, which needs to be numerically quantified. Five
different cases, named as Opt. 1 to Opt. 5, are defined with dif-
ferent weight values (w1, w2), varying from (1,0), (0.75,0.25),
(0.5,0.5), (0.25,075) to (0,1). The cases Opt. 1 to Opt. 5
represent the variation of objective function from full imple-
mentation of bus voltage minimization to full implementation
of power loss minimization.

The total energy reduction is calculated as the summation
of load power reduction and power loss reduction. The total
energy reduction for Opt. 1 to Opt. 5 varies from 2.77%
to 0.91%. Fig. 9 shows voltage profiles of φa for all cases,
including the base case, in one snapshot. The optimal voltage
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Fig. 9. Case II: Voltage profiles at t=1 and for φA of base case and cases
Opt. 1 to Opt. 5.

Fig. 10. Case II: Load power consumption for the base case and cases Opt. 1
to Opt. 5.

magnitudes of Opt. 1 to Opt. 5 are generally lower than the
base case (black solid line), which shows the voltage reduc-
tion effects of VVO. Due to the optimization constraints and
the impacts of reactive power injection from PV inverters and
CBs, the optimal voltage magnitude on a number of buses are
slightly higher than the base case voltages at some non-critical
time points. Comparing the optimal bus voltage magnitudes in
the defined cases, Opt. 1 shows the lowest bus voltage, which
demonstrates the CVR impact on voltage reduction, as a higher
weight is assigned to voltage minimization component.

Fig. 10 and Fig. 11 present the load power consumption and
power losses of the base case and CVR cases Opt. 1-Opt. 5,
respectively. As can be observed for the case of Opt. 1, the
highest load reduction at peak time is achieved since a higher
weight is assigned to the load reduction objective in equa-
tion (10). Among the cases Opt. 1-Opt. 5 and the base case,
Opt. 1 has the largest load reduction and Opt. 5 has the largest
loss reduction, which shows the effect of various w1 and w2,
respectively. Hence, it is corroborated that by changing the
weight factors in the optimization model the trade-off between
CVR and loss minimization in the final decision solution can
be controlled effectively.

In order to further investigate the impact of CVR on power
losses, three cases with different ZIP coefficients have been
introduced. ZIP1 represents the general active and reactive ZIP
loads with coefficients [0.4, 0.3, 0.3]. Two extreme cases ZIP2
and ZIP3 represent pure constant impedance active/reactive
loads with coefficients [1, 0, 0], and pure constant power
active/reactive loads with coefficients [0, 0, 1], respectively.
In Table V, loss reduction levels, load reduction levels and

Fig. 11. Case II: Power losses for the base case and cases Opt. 1 to Opt. 5.

TABLE V
CASE II: SUMMARY OF SYSTEM LOSS, LOAD AND TOTAL

ENERGY REDUCTION WITH DIFFERENT ZIP
COEFFICIENTS AND WEIGHT FACTORS

total energy reduction have been shown for Case II and under
different ZIP models, ZIP1, ZIP2, ZIP3, and with different
optimization weight assignment scenarios, Opt. 1-Opt. 5.

Based on the results from Table V and Fig. 12, it can be
observed that for ZIP1 and ZIP2, loss reduction levels are
increasing from Opt. 5 to Opt. 1, however, the load reduction
and total energy reduction decrease at the same time. Since
ZIP3 represents pure constant power loads, consumption levels
are always the same as the base case regardless of bus volt-
age levels, and the loss reduction and total energy reduction
increase for Opt. 1 to Opt. 5. Therefore, for voltage-dependent
loads, ZIP1 and ZIP2, load reduction (due to voltage reduc-
tion) accounts for the majority of the change in total energy
savings. On the other hand, since CVR has no impact on the
constant power loads, ZIP3, for that case load reduction is
zero and the loss optimization is the only effective method to
reduce the peak demand.

C. Case III: IEEE 123-Bus Distribution System

To test our proposed distributed algorithm on a larger
system, simulation results for modified IEEE 123-bus distri-
bution system (Fig. 13) with a higher number of PV inverters,
CBs and OLTCs are shown in this section. Details about this
test network can be found in [34]. The locations of OLTCs
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Fig. 12. Case II: Total energy reduction with different ZIP coefficients of
base case and cases Opt.1 to Opt.5.

Fig. 13. Case III: Modified IEEE 123-bus test distribution system.

TABLE VI
CASE III: LOCATIONS AND CAPACITIES OF DEVICES

are set to be the same as [18]. The locations and capacities
of CB are selected based on the original settings in [34]. The
locations of PV are adopted from [37]. Table VI summarizes
the types, locations and capacities of the devices integrated in
the system.

The proposed method is applied to the modified 123-bus test
system with ZIP coefficients [0.4, 0.3, 0.3] for both active and
reactive loads, and full implementation of CVR (w1 = 1).
In order to show the convergence process, Fig. 14 shows
the average iteration-wise updates in voltage magnitude, i.e.,
V∗

i,t,φ(k) = Vi,t,φ(k + 1) − Vi,t,φ(k) with k being the iteration
index. It can be seen that voltage residues V∗ converge to
zero as the iteration number, k, increases. Hence, the algorithm

Fig. 14. Convergence of the distributed optimization: bus voltage residues
at each iteration.

TABLE VII
CASE III: SUMMARY OF LOSS, LOAD AND TOTAL ENERGY REDUCTION

WITH DIFFERENT ZIP FACTORS AND WEIGHT FACTORS

converges to optimal solution within an acceptable number of
iterations in a reasonable time.Based on our numerical exper-
iments, the average computational time per agent per iteration
for the IEEE 123-bus system is 0.245 seconds. Hence, the
overall algorithm takes around 6 minutes to converge (ignor-
ing communication delays) for this test system. On the other
hand, the selected time step for the simulation is t = 15 min-
utes, which is well above the required algorithm convergence
time. Hence, the distributed algorithm is well capable of reach-
ing the solution within the selected decision time step. Another
reason that a time step of 15 minutes was selected is that this
time step is consistent with the frequency measurement of
current smart meters used in the industry.

In Table VII, the total network loss reduction, load reduction
and total energy for different categories of load, ZIP1, ZIP2,
and ZIP3, have been shown as a function of different weight
values assigned to optimization objective components. As can
be seen in this table, similar trends are observed as those of
the smaller case study (Case II) shown in Table V: for voltage-
dependent loads ZIP1 and ZIP2, loss reduction levels increase
from Opt. 1 through Opt. 5, and the load reduction and total
energy reduction decrease in Opt. 1 through Opt. 5; for con-
stant power load ZIP3, load consumption levels are always
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the same as the base case, and the loss reduction and total
energy reduction increase in Opt. 1 through Opt. 5. In addi-
tion, more load reduction is achieved for this case. Therefore,
the conclusions drawn in Section IV-B regarding the trade-
off between voltage magnitude optimization and network loss
reduction under different ZIP characteristics are again verified
for the larger IEEE 123-bus test system.

V. CONCLUSION

A distributed method is developed to optimally coordinate
the fast-dispatch of PV inverters with the slow-dispatch of
OLTC and CBs for CVR in three-phase unbalanced distribu-
tion systems. The trade-off between voltage reduction (load
reduction) and real power loss minimization is analyzed by
the developed multi-objective VVO formulation. The proposed
VVO-based CVR is solved by distributed optimization algo-
rithm ADMM, which can maintain customer data privacy
and alleviate computational burden in large-scale distribution
networks. In order to better handle the non-convexity of the
decision problem caused by discrete variables, the distributed
algorithm ADMM is modified in a way that the discrete vari-
ables are not only relaxed into continuous variables, but also
implemented as a generalized part of the objective function
in the iterations to avoid sub-optimality. According to case
studies, our proposed method can converge within an accept-
able number of iterations for large unbalanced distribution
systems. It is also observed that different load types affect the
CVR performance differently. Among different load types, the
highest levels of the CVR-based consumption reduction are
achieved for voltage-sensitive loads. Also it is demonstrated
that as the penetration of voltage-sensitive customers increases,
CVR could be a better option for energy saving at substation
level during peak load interval, compared to mere network loss
minimization.
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