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a  b  s  t  r  a  c  t

Power  system  operation  models  are  becoming  increasingly  more  complex,  as their  capabilities  improve.
One  particular  area  that has  received  significant  attention  over  the  last  decade  is  inclusion  of  flexible
transmission  in power  system  operation  software.  Co-optimization  of  generation  dispatch  and  flexible
transmission  can  provide  unprecedented  levels  of  economic  efficiency  and  reliability.  However,  mod-
eling the  additional  flexibility  comes  at the  expense  of  further  computational  complexity.  Distributed
optimization  is one  effective  way  of  handling  such  complexities.  This  paper  develops  a  fully-distributed
DC  optimal  power  flow  method  that  incorporates  flexible  transmission,  including  reactance  and  phase
controllers.  The  model  employs  linear  update  rules  at each  bus,  which  can  be  calculated  efficiently,  and
requires  communication  of information  only  to the  neighboring  buses.  Convergence  to  the  optimal  power
hase control
ower system operation
eactance control

flow  solution  is  achieved  through  iterating  between  the  bus-level  sub-problems.  Simulation  studies,  car-
ried out  on  an  RTS  96  and  IEEE 118-bus  systems,  confirm  the  effectiveness  of  the  method.  The  developed
model  is  able  to  find  the  optimal  solution  even  under  a cold-start  scenario.  However,  the convergence
properties  are  significantly  improved  if  an  initial  close-to-optimal  guess  is available,  similar  to real-time
operations,  where  the last  run’s  solution  can  be  used  as  the  initial  point.

© 2017  Elsevier  B.V.  All  rights  reserved.
. Introduction

The push to boost economic efficiency and reliability of the
nergy systems, requires significant improvements to power
ystem operation software [1]. Existing energy and market man-
gement systems (EMS/MMS) include large-scale optimization
odels that are challenging to solve [2]. Enhancements to these
odels would add a great deal of computational complexity, which

emand for new solution paradigms [3,4]. Distributed optimiza-
ion, among others, is one method that has shown promising
erformance in solving complex problems over large-scale net-
orks [5,6].

Centralized power system operation requires collection of all
he necessary data, reliable communication to a control center,
olution to a large-scale centralized optimization problem, and
ommunication of control signals back to all the active elements.
istributed control, on the other hand, only needs to collect par-

ial local data, solve a much smaller optimization problem, and

xchange the information with neighboring regions at the local
ontroller level. Thus, distributed optimization could effectively
andle complexities that cannot be managed centrally. Appli-

∗ Corresponding author.
E-mail address: mostafa.ardakani@utah.edu (M.  Sahraei-Ardakani).

ttp://dx.doi.org/10.1016/j.epsr.2017.07.019
378-7796/© 2017 Elsevier B.V. All rights reserved.
cations of distributed optimization in power system operation
include coordinated charging of plug-in electric vehicles [7], large-
scale security-constrained unit commitment [8] and multi-area
economic dispatch [9], AC optimal power flow (ACOPF) with renew-
able generation [10], and ACOPF in radial distribution networks
with second-order conic relaxation [11,12].

One area of research that has received significant attention over
the last decade within the power system community is the concept
of flexible transmission [13]. Flexible transmission can enhance the
transfer capability over the existing network, and thereby provide
substantial economic savings and reliability improvements [14,15].
Despite the vast body of literature dedicated to applications of
flexible transmission [16–21], its industry adoption has been
very limited [22] mainly due to the computational complexity
that accompanies its modeling [23,24]. This paper addresses this
computational challenge by developing a distributed optimal
power flow (DOPF) model that effectively incorporates flexible
transmission. In particular, this paper focuses on modeling series
reactance controllers (RC) and voltage phase controllers (PC).
The conventional thyristor-controlled series compensators (TCSC)
[25] as well as the distributed series reactors [26], commercially
known as smart wire grid devices [27], provide the capability of

controlling the reactance of a transmission line. The devices that
enable voltage phase control include thyristor-controlled phase
shifting transformers (TCPST) [21] and distributed static series

dx.doi.org/10.1016/j.epsr.2017.07.019
http://www.sciencedirect.com/science/journal/03787796
http://www.elsevier.com/locate/epsr
http://crossmark.crossref.org/dialog/?doi=10.1016/j.epsr.2017.07.019&domain=pdf
mailto:mostafa.ardakani@utah.edu
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Nomenclature

A. Sets
G Set of generators
G (n) Set of generators located at bus n
g Index of generators, g ∈ G
K Set of transmission lines not equipped with RC or PC
k Index of lines not equipped with RC or PC, k ∈ K
K Set of transmission lines equipped with RC
k Index of lines equipped with RC, k ∈ K
K Set of transmission lines equipped with PC
k Index of lines equipped with PC, k ∈ K
N Set of buses
n  Index for buses, n ∈ N
n (g) The bus at which generator g is located
t Index for iterations
ı+ (n) Set of lines specified as to bus n
ı− (n) Set of lines specified as from bus n
ı (n) Set of lines connected to bus n

B. Parameters
ag, bg, cg Quadratic cost parameters of generator g
Bk Electrical susceptance of line k
B

k
Electrical susceptance of line k equipped with RC

Bk Electrical susceptance of line k equipped with PC

Bmax

k
, Bmin

k
Maximum and minimum susceptance of line k

equipped with RC
Fmax

k
Capacity of line k

Fmax

k
Capacity of line k equipped with RC

Fmax
k

Capacity of line k equipped with PC

PLn Load at bus n
Pmax

g , Pmin
g Maximum and minimum power outputs of unit g

z
k

Binary variable indicating the sign of voltage angle
difference on line equipped with RC device

�min
k,PC

, �max
k,PC

Maximum and minimum PC voltage angle output

˛, ˇ, ε, � , � Tunning parameters

C. Variables
F

k
Real power flow on line k equipped with RC

Pg Output of generator g
�k,from, �k,to Voltage angles at the “from” and “to” ends of line

k
�k,from, �k,to Voltage angles at the “from” and “to” ends of line

k equipped with PC
�k,PC PC voltage angle set point on line k equipped with

PC
�n Locational marginal price (LMP) at bus n
�+

g , �−
g Lagrange multipliers for generator g capacity limits

�+
k,PC

, �−
k,PC

Lagrange multipliers for PC control ranges on

line k
�k,1, �k,0 Lagrange multipliers for power flow on line k
�k,1, �k,0 Lagrange multipliers for power flow on line k

equipped with PC
�

k,1
, �

k,0
Lagrange multipliers for power flow on line k

equipped with RC
�z,1, �z,0 Lagrange multipliers for positive and negative

voltage angle difference on line k equipped with RC
�max , �min Lagrange multipliers for power flow on line k
RC,1 RC,1

with Bmax and Bmin constraints, when z
k

= 1

k k

�max

RC,0

, �min

RC,0

Lagrange multipliers for power flow on line k

with Bmax

k
and Bmin

k
constraints, when z

k
= 0
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compensators (DSSC) [28]. Inclusion of these devices in opti-
mal  power flow (OPF) problem increases the number of variables
and constraints, which will in turn add to the computational
complexity of the problem. Additionally, reactance controllers
introduce nonlinearities to the OPF problem that create substantial
computational burden [29]. This paper seeks a DOPF-based solu-
tion to such challenges. To improve the computational efficiency
of our algorithm and handle the nonlinearities associated with
RCs, we  employ the linear heuristic developed in [29–31], but in a
distributed manner.

Different types of distributed power system operation meth-
ods exist in the literature [32,33]. These methods vary on their
handling and exchange of information as well as optimization solu-
tion method [34–36]. One particular method that has been widely
used decomposes the large-scale problem based on its first-order
Karush–Kuhn–Tucker (KKT) optimality conditions [37–40]. Using
the obtained conditions and the structure of the model, the prob-
lem can be solved at the desired local level, which can be as small
as a bus. Through the exchange of information between neighbor-
ing regions, the local solutions will converge to the globally-optimal
solution of the original problem with limited information exchange.
We use a similar approach in this paper and solve the local prob-
lems at each bus and allow the exchange of data only between the
buses that are physically connected.

It is worth noting that this paper focuses on the transmission
system, and, thus, employs a DCOPF model. The existing methods
that are developed for the distribution system [11,12], however,
use ACOPF, as DC power flow becomes terribly inaccurate in dis-
tribution systems. Moreover, due to the linear structure of the
constraints in a DCOPF, the presented method relies on linear
update rules for solving the first order optimality conditions, while
the existing methods for the distribution system require more com-
plex algorithms such as ADMM.

Distributed optimization may  result in slower performance,
especially if implemented sequentially. It is expected in real-world
applications, however, that the majority of computations run in
parallel. Regardless, it should be noted that distributed optimiza-
tion has other important advantages over centralized methods,
including reduced communication needs [37–40], enhanced cyber-
security, and computational robustness [41].

To summarize, this paper contributes to the literature through
development of a fully decentralized and distributed method for co-
optimization of generation dispatch and flexible transmission. The
established method is linear and can be implemented without com-
plications. Moreover, the distributed structure of the model allows
for straightforward employment of high performance computing
(HPC) to solve the large-scale OPF problem.

The rest of the paper is organized as follows. Section 2 models
a DCOPF problem, which allows the set point of RC and PS devices
to be co-optimized with the generation dispatch. Section 3 derives
the distributed DCOPF update rules. Section 4 presents the simula-
tion results for RTS 96 and IEEE 118-bus systems. Finally, Section 5
concludes this paper.

The following schematic diagram summarizes the flow of this
paper. It includes the contents from Section 2 to Section 4: pro-
posed DCOPF model in Section 2 as Step 1; Lagrangian function and
the corresponding first-order optimality conditions in Section 2 as
Step. 2; iterative update rules in Section 3 as Step 3; and simulation
results in Section 4 as Step. 4 (Fig. 1).

2. DCOPF model with flexible transmission
A conventional DCOPF, assuming a passive transmission system,
minimizes the generation cost, while ensuring that the physical
constraints of the system are not violated. In this paper, we allow
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Fig. 1. Schematic diagram of the proposed method.

exible transmission, in form of reactance control and phase con-
rol to be co-optimized with generation dispatch. The mathematical
epresentation of a DCOPF with the added flexibility is shown in
qs. (1)–(14). In order to eliminate the nonlinearities associated
ith modeling RCs, we have used the linear method developed in
efs. [29–31] to keep the constraints linear.

in
PG

∑
n ∈ G

(
agP2

g + bgPg + cg

)
(1)

Pmin
g ≤ Pg ≤ Pmax

g ∀g ∈ G
[
�+

g , �−
g

]
(2)∑

g ∈ G(n)

Pg − PLn +
∑

k ∈ ı+(n)

Fk −
∑

k ∈ ı−(n)

Fk +
∑

k ∈ ı+(n)

F
k

−
∑

k ∈ ı−(n)

F
k

+
∑

k ∈ ı+(n)

Fk −
∑

k ∈ ı−(n)

Fk = 0 ∀n ∈ N [�n]
(3)

−Fmax
k

≤ Fk = Bk

(
�k,from − �k,to

)
≤ Fmax

k
∀k ∈ K

[
�k,1, �k,0

]
(4)

−Fmax

k
≤ F

k
≤ Fmax

k
∀k ∈ K

[
�

k,1
, �

k,0

]
(5)

−Fmax
k

≤ Fk = Bk

(
�k,from + �k,PC − �k,to

)
≤ Fmax

k

∀k ∈ K
[
�k,1, �k,0

] (6)

�1 = 0 [�0] (7)
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�min
k,PC

≤ �k,PC ≤ �max
k,PC

∀k ∈ K
[

�+
k,PC

, �−
k,PC

]
(8)

�
k,from

+
(

1 − z
k

)
M ≥ �

k,to
∀k ∈ K

[
�z,1

]
(9)

Bmin

k

(
�

k,from
− �

k,to

)
−
(

1 − z
k

)
M ≤ F

k
∀k ∈ K

[
�min

RC,1

]
(10)

Bmax

k

(
�

k,from
− �

k,to

)
+
(

1 − z
k

)
M ≥ F

k
∀k ∈ K

[
�max

RC,1

]
(11)

�
k,to

+ z
k
M ≥ �

k,from
∀k ∈ K

[
�z,0

]
(12)

Bmax

k

(
�

k,from
− �

k,to

)
− z

k
M ≤ F

k
∀k ∈ K

[
�max

RC,0

]
(13)

Bmin

k

(
�

k,from
− �

k,to

)
+ z

k
M ≥ F

k
∀k ∈ K

[
�min

RC,0

]
(14)

In this model, the transmission lines are separated to three sets:
K is the set of transmission lines not equipped with RC or PC; K is
the set of transmission lines equipped with RC; and K is the set of
transmission lines equipped with PC.

The total operation cost, which is the summation of all the gen-
erators’ quadratic cost function is presented in Eq. (1). Generators’
capacity limit constraints are modelled in Eq. (2). Eq. (3) denotes the
nodal power balance constraints. The linear flow limit constraints
for transmission line sets K, K and K are represented in Eqs. (4)–(6),
respectively. The voltage angle is set to zero at the slack bus in Eqs.
(7) and (8) denotes the PC control range.

The constraints represented in Eqs. (9)–(14), make the problem
a mixed-integer linear program that optimizes the set points of RCs
[29–31]. The binary variable, z

k
equals to 1 when the voltage angle

difference is positive. A negative voltage angle difference is being
represented by z

k
set to 0. The big-M technique is used to obtain a

linear formulation.
In a distributed approach, the sign of voltage angle difference

can be obtained from the last iteration. Thus, the value of the binary
variable, z , can be fixed, which will in turn reduce the computa-

tional complexity of the problem to a linear program.

In summary, Table 1 compares the mathematical structure of the
conventional DCOPF with the utilized DCOPF with flexible trans-
mission Eqs. (1)–(14).
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Table 1
Comparison between conventional DCOPF and the DCOPF with flexible transmission.

Conventional DCOPF model Proposed DCOPF model with flexible transmission

Objective function Eq. (1) Eq. (1)
Constraints Eqs. (2)–(4), (7) Eqs. (2)–(14)
Primal variables P

g(n)
, �n, F

k
P

g(n)
, �n, F

k
, �

k,PC

Dual variables �n, �
k

�n, �
k
, �

k
, �

k
, �max

RC,0

, �min

RC,0

, �max

RC,1

, �min

RC,1

a

)

)

Transmission line susceptance Fixed susceptance Bk

Bus voltage angle difference �
k,from

− �
k,to

The Lagrangian for this DCOPF problem is calculated in Eqs. (15a)
nd (15b).

(15a)

(15b

The first order optimality conditions are shown in Eqs. (16)–(37).
∂L

∂Pg
= 2agPg + bg − �n(g) + �+

g + �−
g = 0 (16)
Variable susceptance Bmin

k
≤ B

k
≤ Bmax

k
�

k,from
+ �

k,PC
− �

k,to
with variable PC output �min

k,PC
≤ �k,PC ≤ �max

k,PC

(17)

(18)

∂L

∂F
k

=
∑
k ∈ K

(
�

k,from
− �

k,to

)
+
∑
k ∈ K

[
�

k,1
− �

k,0
+
(

1 − z
k

)(
−�max

RC,0

+ �min

RC,0

)

+z
k

(
−�min

RC,1

+ �max

RC,1

)]
= 0 (19

∂L

∂�k,PC

=
∑
k ∈ K

Bk

(
�k,from + �k,to

)
+
∑
k ∈ K

Bk

(
�k,1 − �k,0

)
= 0 (20)

∂L

∂�0
= �1 = 0 (21)

∂L

∂�+
g

= Pg − Pmax
g ≤ 0 (22)

∂L

∂�−
g

= −Pg + Pmin
g ≤ 0 (23)

∂L

+ = �k,PC − �max
k,PC ≤ 0 (24)
∂�
k,PC

∂L

∂�−
k,PC

= −�k,PC + �min
k,PC ≤ 0 (25)
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∂L

∂�k,1
= Bk

(
�k,from − �k,to

)
− Fmax

k ≤ 0 (26)

∂L

∂�k,0
= −Bk

(
�k,from − �k,to

)
− Fmax

k ≤ 0 (27)

∂L

∂�
k,1

= F
k

− Fmax

k
≤ 0 (28)

∂L

∂�
k,0

= −F
k

− Fmax

k
≤ 0 (29)

∂L

∂�k,1
= Bk

(
�k,from + �k,PC − �k,to

)
− Fmax

k ≤ 0 (30)

∂L

∂�k,0
= −Bk

(
�k,from + �k,PC − �k,to

)
− Fmax

k ≤ 0 (31)

∂L

∂�z,1
= �

k,to
− �

k,from
≤ 0 (32)

∂L

∂�min

RC,1

= −F
k

+ Bmin

k

(
�

k,from
− �

k,to

)
≤ 0 (33)

∂L

∂�max

RC,1

= F
k

− Bmax

k

(
�

k,from
− �

k,to

)
≤ 0 (34)

∂L

∂�z,0
= �

k,from
− �

k,to
≤ 0 (35)

∂L

∂�max

RC,0

= −F
k

+ Bmax

k

(
�

k,from
− �

k,to

)
≤ 0 (36)

∂L

∂�min

RC,0

= F
k

− Bmin

k

(
�

k,from
− �

k,to

)
≤ 0 (37)

The first order optimality conditions, obtained in Eqs. (16)–(37)
ose desirable characteristics that facilitate distributed computa-
ion. In particular, the equations can be assigned to power system
uses in a way  that the equations at each bus only include vari-
bles related to that specific bus and the buses that are physically
onnected to it.

. Distributed approach

.1. Iterative update rules

This section explains the distributed iterative approach that
s developed to solve the first order optimality conditions Eqs.
16)–(37), derived in Section 2. The iterative model, which is
uilt on [38], only requires the exchange of information between
hysically-connected buses at each iteration.

The information that needs to be communicated to bus n at every
teration t include: �n (t), �n (t) and Pg(n) (t), which are all directly
ssociated with bus n, as well as variables associated with the lines
onnected to bus n. The latter set of variables contains F

k
(t) on lines

 with RC, �k,PC (t) on lines k equipped with PC, Lagrange multipliers

, which correspond to the line flow constraints on lines k, k and k,
nd Lagrange multipliers �, which correspond to the RC flexibility

n lines k.

The Lagrange Multipliers �n, which represents the Locational
arginal Price at bus n, is updated according to (38), where ˛

nd  ̌ are positive tunning parameters and t denotes the iteration
r Systems Research 154 (2018) 37–47 41

index, not time step. The value of the tunning parameters in the
distributed approach are presented in the Appendix A.

(38)

In Eq. (38), The first term corresponds to the optimality con-
dition Eq. (17), which reflects the coupling between �n and �n.
The second term comes from the optimality conditions of power
balance equation (18). The intuition behind this update rule is the
following: if the power balance equality constraint is not fulfilled,
because generation output Pg(n) is too low, Eq. (38) increases �n(g),
which will increase Pg(n), as shown in Pg update rule. Conversely,
if generation Pg(n) is too high, Eq. (36) will reduce �n(g), which will
reduce Pg(n), according to its update rule. Moreover, if the power
balance equality constraints are all satisfied, and all the Lagrange
multipliers for inequality constraints are converged to a constant
value, �n will converge.

The generation outputs are updated according to Eq. (39):

Pg (t + 1) = P

[
Pg (t) − 1

2ag

∂L

∂Pg

]
= P

[
�n(g) (t) − bg

2ag

]
(39)

In Eq. (39), P  is an operator which projects the value of Pg to its
feasible range [Pmin

g , Pmax
g ]. If the updated value of generation is

greater than Pmax
g , the value of Pg (t + 1) will be set to the upper limit

Pmax
g ; similarly, if the updated value is lower than Pmin

g , the value
of Pg (t + 1) will be set to the lower limit Pmin

g . Since the Lagrange
multipliers, �+

g and �−
g , associated to the generation limits are not

used in any other constraints, it is not necessary to calculate or
updated them in the proposed approach. The update rule for bus
voltage angles are presented in Eq. (40).
(40)
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here, � is a positive tunning parameter. The optimality condi-
ions of power balance equation (18) is used here to update �n. The
ntuition behind this update rule is that if the power balance equal-
ty constraint is not fulfilled because of undersupply at the node,
he bus voltage angle �n will be decreased to reduce the net nodal
ower export. Power flow with RC update rule is presented in Eq.
41).

(41)
here, ε is a positive tunning parameter. P  is an operator project-
ng the value of F

k
determined by Eq. (41) into its feasible range

−Fmax

k
, Fmax

k
]. The optimality conditions for F

k
, Eq. (19), is used to

�k,1 (t + 1) = P

[
�k,1 (t) + �

(
∂L

∂�k,1

)]
= P

[
�k

�k,0 (t + 1) = P

[
�k,0 (t) + �

(
∂L

∂�k,2

)]
= P

[
�k

�
k,1 (t + 1) = P

[
�

k,1 (t) + �

(
∂L

∂�
k,1

)]
= P

[
�

�
k,0 (t + 1) = P

[
�

k,0 (t) + �

(
∂L

∂�
k,0

)]
= P

[
�

�k,1 (t + 1) = P

[
�k,1 (t) + �

(
∂L

∂�k,1

)]
= P

[
�

�k,0 (t + 1) = P

[
�k,0 (t) + �

(
∂L

∂�k,0

)]
= P

[
�

�max

RC,0
(t + 1) = P

⎡
⎣�max

RC,0
(t) + �

⎛
⎝ ∂L

∂�max

RC,0

⎞
⎠
⎤
⎦

�min

RC,0
(t + 1) = P

⎡
⎣�min

RC,0
(t) + �

⎛
⎝ ∂L

∂�min

RC,0

⎞
⎠
⎤
⎦

�min

RC,1
(t + 1) = P

⎡
⎣�min

RC,1
(t) + �

⎛
⎝ ∂L

∂�min

RC,1

⎞
⎠
⎤
⎦

�max

RC,1
(t + 1) = P

⎡
⎣�max

RC,1
(t) + �

⎛
⎝ ∂L

∂�max

RC,1

⎞
⎠
⎤
⎦
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update F
k
. Since the sign of voltage angle differences is obtained

from the previous iteration, �z,1 and �z,0 are not calculated or
updated.

In Eq. (42), 	 is a positive tunning parameter. P  is an operator
which projects the value of �k,PC determined by Eq. (42) into its

feasible range [�min
k,PC

, �max
k,PC

]. The optimality conditions of �k,PC , Eq.

(20), is used to update �k,PC . Since �+
k,PC

and �−
k,PC

are not used in

any other equation or update rule, their value is not calculated or
updated in the distributed method, and the operator P  ensures that
�k,PC stay within its range.

�k,PC (t + 1) = P

[
�k,PC (t) − 	

(
∂L

∂�k,PC

)]

= P

⎡
⎣�k,PC (t) − 	

⎛
⎝∑

k ∈ K

Bk

(
�k,from (t) + �k,to (t)

)
+
∑
k ∈ K

Bk

(
�k,1 (t) − �k,0 (t)

)⎞⎠
⎤
⎦

(42

In Eqs. (43)–(52), where the Lagrange multipliers �, for line
flows and RC flexibility, are updated, � is a positive tunning param-
eter. P  is an operator which projects the values determined by Eqs.
(43)–(52) into the feasible range [0, +∞]. If � is negative, � (t  + 1)
will be set to zeros. The optimality conditions of inequality con-
straints, Eqs. (26)–(31), (33) and (34), (36) and (37) are used for
obtaining the update rules.

,1 (t) − �
(

Fmax
k − Bk

(
�k,from (t) − �k,to (t)

))]
(43)

,0 (t) − �
(

Fmax
k + Bk

(
�k,from (t) − �k,to (t)

))]
(44)

k,1 (t) − �
(

Fmax

k
− F

k
(t)
)]

(45)

k,0 (t) − �
(

Fmax

k
+ F

k
(t)
)]

(46)

k,1 (t) − �
(

Fmax
k − Bk

(
�k,from (t) + �k,PC (t) − �k,to (t)

))]
(47)

k,0 (t) − �
(

Fmax
k + Bk

(
�k,from (t) + �k,PC (t) − �k,to (t)

))]
(48)

= P

[
�max

RC,0
(t) − �

(
F

k
− Bmax

k

(
�

k,from
(t) − �

k,to
(t)
))]

(49)

= P

[
�min

RC,0
(t) − �

(
−F

k
+ Bmin

k

(
�

k,from
(t) − �

k,to
(t)
))]

(50)

= P

[
�min

RC,1
(t) − �

(
F

k
− Bmin

k

(
�

k,from
(t) − �

k,to
(t)
))]

(51)

= P

[
�max

RC,1
(t) − �

(
−F

k
+ Bmax

k

(
�

k,from
(t) − �

k,to
(t)
))]

(52)
The convergence of this distributed approach has been
proved in [39] and [40], without consideration of flexi-
ble transmission. It is straightforward to extend the proof
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o the case with flexible transmission. The proof follows
hat any fixed solution to the proposed approach: X∗ ∈
P∗

g(n), �∗
n, F∗

k
, �∗

k,PC
, �∗

n, �∗
k,1, �∗

k,0, �∗
k,1

, �∗
k,0

, �∗
k,1, �∗

k,0, �max

RC,0

∗ , �m

R
max

RC,1

∗, �min

RC,1

∗
) is the optimal solution to the presented DCOPF

odel with flexible transmission Eqs. (1)–(14). As the projection
perators P  in the iterative update rules of the additional variables
re designed to enforce the variables stay in the specified region,
ollowing the similar logic of the convergence proof from Refs.
39] and [40], the fixed point X* is verified to satisfy the optimality
onditions of the additional constraints. The rest of the proof
emains the same, and the reader can refer to Refs. [39] and [40].

.2. Comparison between centralized and distributed DCOPF

In the distributed approach, the optimization problem has been
onverted from a centralized linear program to an iterative pro-
ess of updating primal variables Pg(n), �n, F

k
, �k and dual variables

n, �k, �
k
, �k, �max

RC,0

, �min

RC,0

, �max

RC,1

, �min

RC,1

at each bus. Further-

ore, the value of these variables are exchanged only between
he buses that are physically connected through the transmission
ystem. Since, the central optimization problem is a linear pro-
ram, and the decentralized problem is a set of linear algebraic
quations that are being updated at each iteration, the compari-
on between the size of the two methods is not straightforward.
owever, to provide some insight into this matter, we  provide a
omparison between the size of the original optimization problem
nd the number of the equations in the distributed approach.

The centralized DCOPF includes the following variables: Pg for
ach generator, �n for each bus, F

k
for each line k with reactance

ontroller, �k for each line k with phase controller, and Fk for each
ine k with no controller. It also includes the following dual vari-
bles: �n for each bus, �k for each line k, �

k
for each line k equipped

ith reactance controllers, �k for each line k equipped with phase

ontroller, �max

RC,0

, �min

RC,0

, �max

RC,1

, �min

RC,1

for each k equipped with

eactance controller. The problem has the following constraints:
enerator output limit constraints for each generator (twice the
umber of generators), nodal power balance constraints (equal to
he number of buses), line flow limit constraints (twice the number
f lines k, k, and k), slack bus voltage phase constraint (equal to the
umber of slack buses), phase controller output limit constraints
twice the number of lines k), and the series of reactance controller
inear constraints (six times the number of lines k).

As a summary, in centralized DCOPF, the total number of the
rimal variables is g + n + k + k + k and the total number of dual
ariables is n + 2 × k + 6 × k + 2 × k. Furthermore, the total num-
er of the constraints in the centralized approach will be 2 × g +

 + 2 × k + 8 × k + 4 × k.
In the distributed method, we only need to update a subset of the

ual variables. Thus, in each iteration for the distributed method,
here are a total of g + 2 × n + 2 × k + 7 × k + 3 × k algebraic equa-
ions.

. Simulation studies

To evaluate the effectiveness of the proposed method, simula-
ion studies on RTS 96 and IEEE 118-bus systems are conducted.

.1. RTS 96 system
The modified RTS 96 system data is taken from Refs. [39] and
42]. The system consists of 32 generators, 38 branches and 17
emand nodes. In order to create congestion, the lines are de-rated
Fig. 2. Case 1—unit generation outputs (Pg).

to 55% of their original capacity. The base case, with no RC or PC,
includes two congested lines, with a total system cost of $30,228.

To show the effectiveness of our proposed model, we put PC
and RC on the more heavily utilized (congested) lines. For the reac-
tance controller, we  choose a control range of ±30%, which means
Bmin

k
= (100% − 30%) × B

k
and Bmax

k
= (100% + 30%) × B

k
. The phase

controller has a control range of ±0.1 rad, which means �min
k,PC

=
−0.1 rad and �max

k,PC
= 0.1 rad.

The formulation developed in this paper does not directly opti-
mize the set point of reactance controllers. However, line flows are
directly modelled. Thus, using the DC power flow equation, the set
point of reactance controllers can be calculated as shown in Eqs.
(53) and (54).

BRC

k
=

F
k

�
k,from

− �
k,to

(53)

RC set point =
(

BRC

k
− B

k

B
k

)
% (54)

Ideally, a DOPF solver will start from a prior solution and opti-
mize the system after small changes in the state of the system.
However, to test the convergence properties of the developed
model, and to consider the worst-case scenario, where the solver
does not have a good initial guess, a cold-start scenario is simulated
here. We  assume that all generation outputs, bus angles and the
Lagrange multipliers, �, are set to zero at the start of the simulation
and the LMPs, �n, are set to an initial value of 10 $/MWh.

One reactance controller is installed on the most congested line
(from Bus 14 to Bus 16) to construct Case 1. Figs. 2–5 show the
trajectory of the variables from their initial point to the final optimal
value for Case 1.

Based on Eqs. (53) and (54), in Case 1, the set point of the reac-
tance controller is 25.4%, and the optimal cost is $29,753, leading
to a cost savings of 1.57%. The computational time is about 4 s.

In Case 2, the system is also equipped with a phase controller,
which is installed on the other congested line (Bus 6 to Bus 10).
Figs. 6–9 show the trajectory of the variables until they settle at
their optimal values.

Based on Eqs. (53) and (54), in Case 2, the set point of RC is 28.1%,

the set point of PC is −0.1 rad, and the optimal cost is $29,696, with
the cost saving of 1.76%. The computational time is about 4.5 s.
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Fig. 3. Case 1—bus voltage angles (�n).

Fig. 4. Case 1—bus LMPs (�n).
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Fig. 6. Case 2—generation outputs (Pg).

Fig. 7. Case 2—bus voltage angles (�n).
Fig. 5. Case 1—line Lagrange multipliers (�).

.2. IEEE 118-bus system

Since the modified RTS 96 system is not heavily congested, the
ost savings associated to RC and PC are not large. Thus, a modified
EEE 118-bus system that is highly congested is simulated here.

The data is taken from Ref. [43], which consists of 19 genera-
ors, 180 branches and 99 demand nodes. The modified generator
uadratic cost coefficients are presented in the Appendix A. The
esult from a DCOPF, with no RC or PC, shows that there are three
ongested lines: two heavily congested lines from Bus 77 to Bus 82

nd Bus 89 to Bus 92, and one lightly congested line from Bus 65
o Bus 68. The total system cost is $78,412 when there are no RC or
C devices in the system.
Fig. 8. Case 2—bus LMPs (�n).

Case 3 includes one RC and one PC installed on the congested
lines connecting Bus 77 to Bus 82 and Bus 89 to Bus 92 respectively.
For case 3, we  initialize the LMPs at 25 $/MWh. Figs. 10–13 show the
trajectory of the variables until they settle at their optimal values.

Based on Eqs. (53) and (54), in Case 3, the set point of RC is 18.6%,
the set point of PC is −0.1 rad, and the optimal cost is $72,260, with
a total cost saving of 7.87%.

As mentioned before, in the real-time operation, the OPF prob-
lem is solved very frequently. Thus, a reasonable initial point for all

the variables in the DCOPF can be obtained from the last-run.

Case 4 has the same setting as Case 3, with the exception that
the variables are initialized at their optimal value, while a small
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Fig. 9. Case 2—line Lagrange multipliers (�).

Fig. 10. Case 3—generation outputs (Pg).

n
o
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3
e
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v

Fig. 12. Case 3—bus LMPs (�n).

Fig. 13. Case 3—line Lagrange multipliers (�).

Fig. 14. Case 4—generation outputs (Pg).

Table 2
Simulation Run-time.

Case Run-time (second)

Case 1 2.7
Case 2 2.8
Fig. 11. Case 3—bus voltage angles (�n).

oise is added to the nodal loads. Figs. 14–17 show the trajectory
f the variables for Case 4.

Based on Eqs. (53) and (54), in Case 4, the set point of RC is
6.88% and the set point of PC is −0.1 rad. Compared to the Case
, Case 4 shows a much faster and smoother convergence prop-
rties. Thus, in realistic situations, distributed optimization can in
act converge very quickly. It is worth mentioning that each itera-

ion only involves simple algebraic updates, which can be handled
ery efficiently.

Table 2 shows the simulation run-time for Case 1–Case 4.

Case 3 49.4
Case 4 10.6



46 Q. Zhang, M. Sahraei-Ardakani / Electric Pow

Fig. 15. Case 4—bus voltage angles (�n).

Fig. 16. Case 4—bus LMPs (�n).
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17 31 107 0 0.5882 58.82 0
18 87 104 0 0.7142 71.42 0
Fig. 17. Case 4—line Lagrange multipliers (�).

. Conclusions

Power system operation software is evolving to include
ore flexibilities, better handle the uncertainties, and guar-

ntee enhanced levels of reliability. These amendments will
ontinue to make the optimal power flow (OPF) problem more

omputationally-complex. Distributed optimization, combined
ith high performance computing, seems to provide a plausi-

le solution to this challenge. This paper develops a distributed
C optimal power flow framework that incorporates transmission
er Systems Research 154 (2018) 37–47

flexibility, including both reactance and phase control. The model,
developed in this paper, decomposes the large-scale OPF problem
into much smaller nodal problems. Only local information at the
corresponding bus, and the buses that are physically connected to it,
are required to solve the nodal problems. The globally optimal solu-
tion can be obtained through iteratively solving the local problems
and updating the information. The effectiveness of the method was
shown through four simulation studies on the RTS 96 and IEEE 118-
bus system. The results confirmed that the method is able to find
the optimal solution even for a cold-start case. The results further
showed that the convergence properties can be enhanced through
a quality initial solution, similar to real operations. The developed
method will enable harnessing the flexibilities of the transmission
system for economic or reliability purposes in a computationally-
efficient way. The developed model is also apt for high performance
computing.

Appendix A.

In order to provide insight into the computational burden of
the distributed approach in comparison with centralized con-
trol, we have compared the DCOPF solution time for the case
with no flexible transmission using the distributed method and
MATPOWER [44], which is a centralized OPF solver. The solution
time is reported in the following table. The results clearly indi-
cate that the centralized method is faster. However, it should be
noted that the distributed method, here, is implemented sequen-
tially. In real-world applications, it is expected that much of the
computation in distributed approach be carried in parallel. Thus,
it is expected that the computational time for the distributed
method be reduced by a factor equal to the number of nodes
(Tables A1–A3).

Table A1
Simulation run-time comparison for the case with no flexible transmission.

MATPOWER (second) Dist. Approach (second)

RTS 96 system 0.26 1.47
IEEE 118-bus system 0.32 42.3

Table A2
Modified IEEE 118-bus generator data.

Gen
no.

Bus
no.

Gen Max
Cap

Gen Min
Cap

Gen quadratic cost function

ag ($/MW/MWh) bg ($/MWh) cg

1 69 805.2 0 0.01897 1.897 0
2  80 577 0 0.0205 2.05 0
3  10 550 0 0.0217 2.17 0
4  66 492 0 0.02487 2.487 0
5  65 491 0 0.02493 2.493 0
6  26 414 0 0.0308 3.08 0
7  100 352 0 0.0381 3.81 0
8  25 320 0 0.0434 4.34 0
9  49 304 0 0.0467 4.67 0
10 61 260 0 0.0588 5.88 0
11 59 255 0 0.0606 6.06 0
12 12 185 0 0.1052 10.52 0
13 54 148 0 0.1724 17.24 0
14 103 140 0 0.2 20 0
15 111 136 0 0.2173 21.73 0
16 46 119 0 0.3448 34.48 0
19 92 100 0 1 100 0
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Table  A3
Tunning parameter values for Cases 1–4.

Parameters Case 1,2 Case 3 Case 4

 ̨ 0.1485 0.1485 0.1485
ˇ  0.0056 0.0019 0.0028
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